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Guidance and Relative Navigation for Autonomous
Rendezvous in a Circular Orbit

Hari B. Hablani,¤ Myron L. Tapper,† and David J. Dana-Bashian‡

The Boeing Company, Huntington Beach, California 92647

Algorithms for autonomousguidanceof spacecraft to approach, to � y around,and to depart from a target vehicle
in a circular orbit are presented. The algorithmsare based on the closed-form solution of linear Clohessy–Wiltshire
equations. The approach and departure algorithms are adaptations of the glideslope guidance used in the past for
rendezvous and proximity operations of the space shuttle with other vehicles with astronauts in the guidance loop.
The multipulse glideslope algorithms are general, capable of effecting a translation motion of spacecraft in any
direction in space autonomously, decelerating while approaching a target or a nearby location, and accelerating
while receding. The � yaround algorithm enables the spacecraft to circumnavigate a target spacecraft in any plane,
the orbit plane and the local horizontal plane being two special cases thereof. The circumnavigation is performed
in a speci� ed period using a speci� ed number of pulses; the larger the number of pulses, the smaller the deviation
of � yaround from the speci� ed radius of circumnavigation. The implementation of these algorithms requires
estimates of position and velocity of the spacecraft relative to the target. This relative navigation is performed with
an extended Kalman � lter using range and angle measurements of the target relative to the spacecraft focal plane
and the spacecraft attitude estimates from an inertial navigation system. The corresponding measurement models
and process noise matrix are provided. Several scenarios are simulated to illustrate the guidance algorithms and
relative navigation.

I. Introduction

T HIS paper presents simple guidance algorithms to approach,
to � y around, and to depart autonomously from a target space-

craft in a circular orbit. Such algorithmshave been developed in the
context of the space shuttle.1;2 Pearson1 emphasized many practical
concerns that far outweigh the fuel minimization for rendezvous
and presented a pragmatic glideslope algorithm for an in-plane
rendezvous using canted thrusters. During the Apollo era, ren-
dezvousof lunar modules with command and service modules were
performed,3 but such rendezvous were especially designed for lu-
nar liftoff and were also assisted by astronauts. Of late, detailed
studies, experiments in space, and hardware-in-the-looplaboratory
demonstrations of autonomous rendezvous, proximity operation,
and docking have proliferatedboth within the United States4¡7 and
overseas.8¡10 Despite these efforts,however, the publishedliterature
appears to lack a simple, straightforward,mathematical analysis of
guiding a chaser spacecraft to approach, to � y around, and to de-
part from a target spacecraft. The present paper attempts to � ll this
need. The guidance algorithms presented here are perhaps simple
generalizationsand extensions of those in Refs. 1, 2, and 4 and are
based on classical linear Clohessy–Wiltshire equations. Consistent
with the pragmatism of Ref. 1, the advanced optimal control tech-
niques, such as those in Ref. 11 to minimize fuel consumptionusing
a primer vector, are not called on here.

The paper comprises � ve sections. Section II summarizes the
analytic steps of a classical two-impulse rendezvous. This topic is
treated in many textbooks,12¡17 as well as in Ref. 18. Nevertheless,
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this rendezvousis brie� y describedhere becauseit is thecornerstone
of the so-called glideslope and the � yaround guidance algorithms
developedin Secs. III and IV. A glideslopeis a straightpath from the
current location of the chaser spacecraft to its intended destination,
which may be a target spacecraft center of mass, a docking port, or
a location of interest in space near a target. The history, motivation,
and analysis of the glideslope technique in the context of the space
shuttle is given in Ref. 1. The glideslopeanalysistherein is limited to
the guidance of the chaser in the orbit plane, using canted thrusters.
Pearson1 formulated a relationship between the glideslope angle,
thrustercantangle,range,and rangerate.For analysis,theClohessy–

Wiltshire equations in rectilinearcoordinateswere transformedinto
polar coordinates. Section III generalizes this algorithm. Here we
present, using a matrix formulation instead of the polar formulation
of Ref. 1, a generalmultipulseguidance algorithm to move a chaser
vehicle in the vicinityof a targetvehicle,deceleratingif approaching
the target and accelerating if receding away from it. The motion is
in any general direction, not limited to tangential direction (V-bar)
or radial direction (R-bar), nor restricted to the target orbit plane.
Furthermore, it is assumed that, unlike the canted thrusters in Ref.
1, six independent thrusters are available to produce an incremental
momentum vector in any direction.

Section IV is concerned with guidance algorithms for � ying
around a target spacecraft autonomously.A chaser satellite can cir-
cumnavigatea target satellite in an in-planeelliptic path in one orbit
period, with the target at its center.19 Under ideal conditions, this
elliptic path, once established with proper initial velocity, persists
without any additional thruster � ring. The largest distance of the
chaser from the target is along local horizontal, this distance being
twice the shortest distance along local vertical. This elliptic geom-
etry and one complete orbit period for circumnavigation,however,
may not always be compatible with the mission requirements. The
mission designer may instead require a faster, circular � yaround,
perhaps also not necessarily in the orbit plane. As such, Sec. IV
presents the formulations for three kinds of � yarounds: natural in-
plane elliptic, circular in-plane, and circular in any plane.

The algorithmsof Secs. III and IV can be implementedonly if the
target’s orbit and relative location of the chaser are known. Further-
more, real rendezvous, proximity operations, and docking, though
lately commonplace with the advent of InternationalSpace Station,
are extraordinarily complex events because they include, among
other things, sensingof the target by the sensors onboard the chaser,
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inertial navigation of the chaser and the target vehicles, chaser-
target relative navigation, Kalman � ltering with or without global
positioning system (GPS) receivers on the two vehicles, attitude
determination of both vehicles, and more. Reference 2 describes
these complexities for rendezvous and docking of the space shuttle
with Mir with astronauts in the loop. References 4–6, in contrast,
detail autonomous rendezvousand dockingusing GPS/inertial nav-
igation system (INS), visible/infrared, and video guidance sensors.
In this paper, we assume that the target is in a circular orbit and
its location known exactly, that the initial relative position of the
chaser before initiating any rendezvous operation is known within
some error sphere, and that the two vehicles are point masses. Un-
der these assumptions, Sec. V is concerned with the estimation of
position and velocity of the chaser spacecraft relative to the tar-
get using range and angle measurements of the target and extended
Kalman � lter. Section VI illustrates the glideslope and circumnav-
igation algorithms of Secs. III and IV, with or without a Kalman
� lter. Section VII concludes the paper.

II. Classical Two-Impulse Rendezvous
With reference to Fig. 1, suppose there is a target vehicle in a

circular orbit of angular velocity !. Attached to the vehicle center
of mass is a right-handedcurvilinear coordinate frame x, y, z, with
the x axis along the targetvelocityvector, NV; or orbitcircumference;
the z axis radiallydownward along the vector NR to the Earth’s center
of mass; and the y axis completing the right-handed frame. These
notations and sign conventions follow those in Ref. 19, though,
unfortunately, other notations and conventions are also rife in the
literature (see Ref. 13, for instance). The local vertical curvilinear
(LVC) frame, instead of the rectilinear frame, might be preferred
because the orbital arc distance x of the chaser from the target then
can be large.12;14 However, the chaser– target distances in this paper
are so small that the difference between the LVC and the local
vertical/local horizontal (LVLH) frame is negligible, less than the
sensor noise. Hence, the two frames will not be distinguished in
the paper. In the LVLH coordinate system, the motion of a chaser
spacecraft located at a station (x , y, z), where x , y, and z are much
smaller than the target orbit radius, is governed by the following
Clohessy–Wiltshire equations.

Tangential forward:

Rx ¡ 2! Pz D ®x (1a)

Cross track:

Ry C !2 y D ®y (1b)

Radial (down):

Rz C 2! Px ¡ 3!2z D ®z (1c)

where ®x , ®y , and ®z are the acceleration components acting on
the chaser in the x , y, z frame. These linear equations are derived
and their properties investigated in several textbooks12¡17;19 and in
Ref. 18. As is well known, the cross-track motion y normal to the
orbit plane is not coupled with the in-plane motion along x and
z. The closed-form solution of Eq. (1) is readily available from
Refs. 12–19. For convenientmanipulations, this analytical solution

Fig. 1 LVLH frame x y z to describe chaser motion relative to the
target.

is arranged in a vector-matrix form, and, to do so, the position and
velocity vectors of the chaser vehicle are de� ned thus14:

r D [x y z]T (2a)

Pr D [ Px Py Pz]T (2b)

The vector r is not to be confused with the radial downward direc-
tion NR mentioned earlier. Let the initial values of these vectors be,
respectively, r0 and Pr0. By the use of the Clohessy–Wiltshire equa-
tions, the position and velocity vectors at a later time t are given
by

r.t/ D 8rr .t/r0 C 8r Pr .t/Pr0 (3a)

Pr.t/ D 8 Prr .t/r0 C 8 Pr Pr .t/Pr0 (3b)

where the four 3 £ 3 8 matrices are given by15

8rr .t/ D

2

4
1 0 6.!t ¡ s/

0 c 0

0 0 4 ¡ 3c

3

5

8r Pr .t/ D

2

4
.4=!/s ¡ 3t 0 .2=!/.1 ¡ c/

0 s=! 0

¡.2=!/.1 ¡ c/ 0 s=!

3

5

8 Prr .t/ D

2

4
0 0 6!.1 ¡ c/

0 ¡!s 0

0 0 3!s

3

5

8 Pr Pr .t/ D

2

4
¡3 C 4c 0 2s

0 c 0

¡2s 0 c

3

5 (4)

and s D sin !t , c D cos !t . The velocity PrC
0 required at r.0/ at time

t D 0 to arrive at a speci� c location, r1 , in time T , is obtained easily
from Eq. (3a) (Ref. 15):

PrC
0 D 8¡1

r Pr .r1 ¡ 8rr r0/ (5)

The initial velocity at r0 , denoted as Pr¡
0

1 Pr0, is changed instanta-
neously to PrC

0 , as depicted in Fig. 2, by imparting an incremental
velocity equal to13

1V0 D PrC
0 ¡ Pr¡

0 (6)

The arrival velocity at r1(T ), denoted Pr1(T ), is then furnished by
Eq. (3b):

Pr1.T / D 8 Prr .T /r0 C U Pr Pr PrC
0 (7)

If r1.T / D 0, that is, if the chaser is commanded to arrive at the
target station at t D T , the arrival velocity Pr1.T / must be annihilated
by imparting a pulse 1V1 equal to

1V1 D ¡Pr1.T / (8)

so that, to effect docking, the net relative velocity at r1.T / is zero.

Fig. 2 Two-impulse transfer of chaser vehicle from r0 to r1.
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The two-impulse scheme just described is highly idealized and
un� t for a real rendezvous,but it is useful for formulatingthe transfer
of a chaser vehicle in space near a target circular orbit. Indeed, this
scheme enables us to develop the glideslope and circumnavigation
guidance algorithms in Secs. III and IV.

III. General Multipulse Glideslope Transfer
Common directions of approaching a target or retracting from it

are along the orbital motion in front of the target or from behind,
popularlyknown as the NV approach,and radial, from below or above
the target, known as the NR approach. However, this relative motion
could be in any general direction, either in or out of the orbit plane,
including normal to the orbit plane. See Pearson1 for the examples
of in-plane glideslopes.Furthermore, the travel does not have to be
directly to the center of mass of the target; instead, the travel may
be to some other location of interest. Klumpp20 considers trajec-
tory shaping by a sequence of velocity increments, but necessary
mathematical details are not provided in the paper.

When a chaser vehicle is required to approach a target vehicle,
an inbound glideslope guidance is invoked. Likewise, for receding
away from the target, an outbound glideslope is called for. In both
scenarios,thrusteractivitynear the target is to be minimized to avoid
plume impingement on the target vehicle and contamination of its
surfaces.1 In addition, as a chaser approaches the target, its relative
velocitymust diminish to certainsafe limits. These requirementsare
ful� lled by designinga guidance trajectorywherein the range rate is
proportionalto the range.1 In Ref. 1 it is shown that, in a glideslope
with continuous thrusting, this relationship, although linear for the
most part, is nonlinearnear theend. In thispaper,for easeof analysis,
a linear relationship between the range and range rate is postulated
to be the mission design goal, whether the motion is in-planeor out-
of-plane. Such guidance trajectories are formulated next for both
inbound and outbound glideslopes.

A. Inbound Decelerating Glideslope
Figure 3 illustrates a target in a circular orbit and the associated

LVC x , y, z frame at its center of mass. Relative to this frame, at
t D 0, the chaser satellite is located at r0 , with its relative velocity
equal to Pr¡

0 . The chaser vehicle is required to arrive at r D rT in a
transfer time T with a velocity speci� ed hereafter. A straight line
from r0 to rT , denoted the vector ½ in Fig. 3, is the most natural
commanded path for this transfer.Let rc.t/, measured from the tar-
get center of mass, be the commanded location of the chaser on
this path at time t; 0 · t · T . Then the boundary values of rc are
rc.0/ D r0 , rc.T / D rT . The vector ½ .t/ emanates from the tip of
the vector rT (Fig. 3), and it de� nes the commanded location of
the chaser on the straight path from r0 to rT . The boundary condi-
tions of ½.t/ are ½.0/ D r0 ¡ rT 1 ½0, ½.T / D 0, and, at any time t ,
½.t/ D rc.t/ ¡ rT . Because r0 1 [x0 y0 z0]T and rT 1 [xT yT zT ]T ,
the direction cosines of the vector ½ are given by

cos ® D .x0 ¡ xT /=½0; cos¯ D .y0 ¡ yT /=½0

cos ° D .z0 ¡ zT /=½0 (9)

Fig. 3 Three-axis multipulse decelerating inbound glideslope.

where ½0 D j½0j. The direction of the straight path is then given by
the unit vector u½

u½ D [cos ® cos¯ cos ° ]T (10)

and the scalar distance ½ , the distance to go, along the vector ½, is
½ D ½u½ . The glideslopeguidance speci� es the distance to go, ½ , as
a function of time ½.t/, so that the chaser is commanded to reach
rT from r0 in a period T with the arrival commanded velocity P½T u½

where P½T , less than zero, is some predetermined safe relative speed
of the chaser at the distance jrT j from the target.

As the distance to go, ½, diminishes, the speed P½ must dimin-
ish with it. Here, P½ is obtained by differentiating ½ , treating the
LVLH frame as an inertial nonrotating frame. The following linear
relationship between ½ and P½ is postulated:

P½ D a½ C P½T (11)

where the parameter a (per second), yet to be determined, is the
slope of P½ vs ½ . The boundary conditions of ½ and P½ are, at t D 0,

½ D ½0; P½ D P½0 < 0 (12a)

and at t D T ,

½ D 0; P½ D P½T < 0 (12b)

The initial distance to go, ½0 , the initial commandedvelocity P½0 < 0,
and the � nal commanded arrival velocity P½T < 0.j P½0j > j P½T j/, are
all known or speci� ed. The slope a is then equal to

a D . P½0 ¡ P½T /=½0 < 0 (13)

The commanded path, Eq. (11), corresponds to a varying com-
manded acceleration R½ D a P½ , and because j P½j is decreasing with
time, the acceleration (actually deceleration) also decreases with
time. These features of the glideslope scheme are desirable.
With the boundary conditions (12), the solution to Eq. (11) is

½.t/ D ½0 eat C . P½T =a/.eat ¡ 1/ (14a)

and the transfer time T is

T D .1=a/ . P½T = P½0/ (14b)

where a < 0 and P½0 < P½T < 0. The algorithm to move the chaser
from r0 to rT can be developed now as follows.

Let the number of thruster � rings to travel from r0 (½ D ½0/ to
rT (½ D 0) in time T be N and the uniform interval between any
two successive pulses be 1t D T=N . The thrusters are, thus, � red
at time tm D m1t .m D 0; 1; : : : ; N ¡ 1), and the mth pulse pushes
the chaser from rm .½ D ½m / to rm C 1 (½ D ½m C 1/, where

rm D rT C ½m u½ (15a)

½m D ½.tm / D ½0eatm C . P½T =a/.eatm ¡ 1/ (15b)

The arrival velocity at mth location is Pr¡
m , and, in accordance with

Eq. (5), the departure velocity Pr C
m to travel from rm to rm C 1 is

PrC
m D 8¡1

r Pr .rm C 1 ¡ 8rr rm / (16)

where 8rr D 8rr (1t ) and 8r Pr D 8r Pr .1t ). The incrementalvelocity
at rm is then 1Vm D PrC

m ¡ Pr¡
m , and the chaser will arrive at rm C 1 with

velocity Pr¡
m C 1 equal to

Pr¡
m C 1 D 8 Prr .1t/rm C 8 Pr Pr .1t/PrC

m (17)

according to Eq. (7). The actual path of the chaser will not be along
the vector ½, of course, but rather will result from the differential
spherical gravitational force in Clohessy–Wiltshire equations, the
path illustratedin Fig. 3 with humps.Speci� cally,followingEq. (3a),
the path is given by

r.t/ D 8rr .t ¡ tm/rm C 8r Pr .t ¡ tm/PrC
m (18)

Because the intervalbetween any two successivepulses is the same,
the spacecraft will move progressively slower as it approaches the
target.
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Fig. 4 Three-axis multipulse accelerating outbound glideslope.

B. Outbound Accelerating Glideslope
The geometry of this glideslopeis shown in Fig. 4. Compare this

geometry with the geometry of inbound glideslope shown in Fig. 3.
The chaser initial radial vector r0 is now closer to the target than the
destination radial vector rT D r.T /. The magnitude of the velocity
Pr¡
0 at r0 is smaller than the speci� ed speed P½T at rT . The vector ½

now emanates from the initial vector r0 and ends at rT , and at any
time t such that 0 · t · T , the commanded glideslope path ½ .t/ is
de� ned as ½ .t/ D rc.t/ ¡ r0 , where, as before, rc.t/ is the vector
from the target center of mass to any point on the glideslope path.
The boundary conditions of ½ are now

½.0/ D 0 (19a)

½.T / D rT ¡ r0 D [xT ¡ x0 yT ¡ y0 zT ¡ z0]
T (19b)

which yields the direction cosines of ½ equal to

cos ® D .xT ¡ x0/=½T ; cos¯ D .yT ¡ y0/=½T

cos ° D .zT ¡ z0/=½T (20)

To accelerate the vehicle while traveling from r0 to rT , the speed P½
is postulated to vary linearly with the scalar distance ½ , thus,

P½ D a½ C P½0 (21)

where ½.0/ D 0, ½.T / D ½T , and P½ .0/ D P½0 . The postulated speed
at ½.T / is P½T , and the transfer time from ½ D 0 to ½T is T . When
Eq. (21) is applied for time t D T , the positive slope a is

a D . P½T ¡ P½0/=½T > 0 (22)

Solving Eq. (21), one can show now that the distance ½ varies with
time; thus,

½.t/ D . P½0=a/.eat ¡ 1/ (23)

The transfer time T is still given by Eq. (14b), though a is now
positive and P½T > P½0 > 0.

The algorithm to transfer the vehicle from r0 to rT is similar to
that for the inboundglideslope. N thruster � rings effect the transfer,
as before, the mth � ring taking place at r.tm/, where

r.tm / D r0 C ½.tm /u½ (24)

and ½.tm / is obtained from Eq. (23) by substituting t D tm . The
calculation of incremental velocities for each � ring proceeds as in
Eqs. (16–18).

IV. Circumnavigation
A. In-Plane Natural Elliptic Flyaround

By the use of the solution Eq. (1.17) in Ref. 19, it can be shown
that the initial velocitycomponentsthat a chasermust have to initiate
an elliptic, natural � yaround at any location (x , z) are

Px D 2!z (25a)

Pz D ¡.!=2/x (25b)

Fig. 5 In-plane circular circumnavigation.

Under idealconditions,thechaser then will traverse the ellipticpath,
counterclockwiseabout the orbit normal y axis,

x.t/ D x0 cos!t C 2z0 sin !t (26a)

z.t/ D ¡ 1
2
x0 sin !t C z0 cos !t (26b)

where (x0, z0/ is the initial location of the chaser at t D 0.
The velocity components Px and Pz will vary in accordance with
Eq. (25). The maximum x and z components of the elliptic path
are xmax D §.x2

0 C 4z2
0/1=2 , zmax D 1

2
xmax, which de� ne the size of

the � yaround.

B. In-Plane Circular
The geometryand notationsfor this � yaroundare shown in Fig. 5.

The chaser circumnavigates at a radius rc from the target center of
mass, and its instantaneousangular locationin the � yaroundcircle is
µ , where µ D 0 when the chaser is on the circularorbit in front of the
target. Suppose the � yaround period is T and the circumnavigation
is effected with N pulses. Then the angle traveled between the two
pulses m and m C 1, m D 0; 1; : : : ; N ¡ 1, is 1µ D 2¼=N . At t D 0,
the chaser is at a radius rc at an angle µ0. Subsequently, the angle µ
varies linearly as µ D µ0 C 2¼ t=T , and the commanded location of
the chaser in the in-plane � yaround circle is

x D rc cosµ D rc cos.µ0 C 2¼ t=T / (27a)

z D ¡rc sin µ D rc sin.µ0 C 2¼ t=T / (27b)

The m th pulse takes place at µm D µ0 C m1µ , and the corresponding
chaser location is de� ned by the vector rm equal to

rm D rc[cos µm ; 0; ¡sin µm ]T (28)

The strength of this pulse, causing a discrete increment in velocity
at rm , is calculated by specifying that, in time T=N , the chaser
arrives at rm C 1 correspondingto the angle µm C 1 D µ0 C .m C 1/1µ .
Because rm and rm C 1 have beende� ned, it is now straightforwardto
calculatethe departurevelocity PrC

m at rm and the arrivalvelocity Pr¡
m C 1

at rm C 1 using Eqs. (16) and (17), where the transition submatrices
are calculated for t D T=N .

C. Circular Flyaround in Any Plane
Because in-plane circumnavigation is common, and because it

does not excite the out-of-plane motion, the y axis appears to be
a natural reference for orienting the axis of an arbitrary � yaround
plane. Two angles, µza about the z axis and µxa about the once dis-
placed x axis (x 0 axis, Fig. 6), de� ne the orientationof the � yaround
axis y 00 or a unit vector a normal to the arbitrary circumnavigation
plane x 00z 00 (Fig. 6). When both angles are zero, the y00 axis aligns
with the y axis, and the plane x 00z00 coalesceswith the orbit plane xz,
as desired.Table 1 records three pairs of special valuesof the angles
µxa and µza that bring the y00 axis in alignment with the LVLH x , y,
or z axis. The components of the unit vector a along the general y 00

axis, expressed in the LVLH frame, are

a D

2

4
uxa

u ya

uza

3

5 D

2

4
¡cos µxa sin µza

cos µxa cosµza

sin µxa

3

5 (29)
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Table 1 Three special � yaround axes
and the corresponding orientation angles

Flyaround

Axis Plane µ xa , rad µ za , rad

x yz 0 ¡¼=2
y xz 0 0
z xy ¼=2 0

Fig. 6 Orientation of the axis of � yaround in a general plane.

Fig. 7 Locationof the chaser vehicle in a general � yaroundplanex 0 0 z 0 0 .

If it is easier to specify the unit vector a than to specify the angles,
the orientation angles are then determined from

µxa D arcsinuza (30a)

µza D arctan.¡uxa ; u ya / (30b)

where arctan is the four-quadrant arctangent function, often de-
noted atan2. The commanded location of the chaser in the � y-
around plane is de� ned by the angle µy (Fig. 7). At t D 0 in Fig. 7,
the chaser is located at (x0, y0, z0/ corresponding to the angles µza ,
µxa; and µy D µy0 in the circumnavigationplane x 00z00, in this order.
To determine µy0 , the initial vector r0 D [x0 y0 z0]T in the LVLH
frame is expressed in the circumnavigationframe x 00y 00z00. One can
then show that, in this frame,

r0 D

2

64
x 00

0

y00
0

z00
0

3

75 D

2

4
x0cµza C y0sµza

0

¡sµxa .¡x0sµza C y0cµza/ C z0cµxa

3

5 (31)

where c¡ D cos¡; s¡ D sin¡. In Eq. (31), because x 00z 00 is the
circumnavigation plane of the chaser, the y00 component of the
chaser location is zero, by de� nition. The initial angular location of
the chaser, the angle µy0, is calculated from µy0 D arctan .¡z 00

0 ; x 00
0 /.

At any later time t , the angle µy in the x 00z 00 plane equals
µy D µy0 C 2¼ t=T where T is the period speci� ed for a 2¼ radian
circumnavigation. The commanded, instantaneous location of the
chaser is now completely speci� ed by the rotation angle µy , the

orientation angles µza and µxa , and the circumnavigation radius rc .
In the LVLH x , y, z frame, this instantaneouslocation r is given by

r.µy.t/; µxa; µza/ D rc

2

4
cµzacµy ¡ sµzasµxa sµy

sµzacµy C cµzasµxa sµy

¡cµxa sµy

3

5 (32)

The relative location r [Eq. (32)] of the chaser is used for the
purpose of effecting a circumnavigation with N pulses. As in
the case of in-plane circumnavigation, the m th pulse takes place
at µy;m D µy0 C 2¼m=N , m D 0; 1; : : : ; N ¡ 1. Substituting µy;m in
Eq. (32), we calculate the vector rm . From then on, this general
circumnavigationis commanded similar to the commanding of the
in-plane circumnavigationor glideslopes described earlier.

V. Relative Navigation
This section is concerned with the estimation of the position and

velocity of the chaser relative to the target. The estimation is ac-
complished by measuring the range of the target, the location of its
image on the focal plane of the chaser, and the attitudeof the chaser
focal plane in an inertial frame or in the LVLH frame of the chaser.
Whereas the focal plane measurements are obtained from cameras
and visible or infrared sensors, relative range measurements are
provided by lidar, and chaser attitude is furnished by an inertial
measurement unit (IMU). Blending all of these measurements suit-
ably, we determine the location of the target relative to the chaser.
In the following a simple model of these blended measurements is
developed.

A. Measurements Model
Figure 8 depicts the chaser and the target in two neighboring

orbits, the target located at rCT from the chaser. Using measurement
of the target image centroid on the focal plane and the focal plane
attitudemeasurementfrom the IMU relative to the chaser LVLH x1,
y1, z1 frame,we can expressthe vectorrCT in the triad F1: x1 , y1, z1 as

rF1
CT D [rCTx rCTy rCTz]

T (33)

Because the lidar, visible, and infrared sensors measure the target
location in terms of range and line-of-sight (LOS) angles, Fig. 8
shows two LOS angles, µy1 (azimuth) and µz1 (elevation) measured
from the LVLH x1 , y1, z1 frame, which bring the local horizontal
axis x1 in alignmentwith theLOS vector rCT. The angleµy1 about the
axis y1 is in the chaser orbit plane and is, thus, called azimuth. The
angle µz1 about the once-displacedz1 axis (that is, z0

1 axis) accounts
for any out-of-orbit-planecomponentof the chaser-targetvector rCT

and is, thus, called elevation. In terms of these angles and the range
r D jrCTj, the vector rCT, Eq. (33), can also be written as

rF1
CT D r[cµy1cµz1; sµz1; ¡sµy1cµz1]

T (34)

For the purposes of rendezvous navigation and guidance using
Clohessy–Wiltshire equations, the angles µy1 and µz1 and the range
r are the aforementionedblendedmeasurements related to the com-
ponents rCTx , rCTy , and rCTz as follows:

µy1 D arctan.¡rCTz; rCTx / C ºy; ºy D .0; ¾y/

µz1 D arcsin.rCTy=r/ C ºz; ºz D .0; ¾z/

r D
¡
r 2

CTx C r 2
CTy C r 2

CTz

¢ 1
2 C ºr ; ºr D .0; ¾r / (35)

Fig. 8 Target LOS measurement in the chaser LVLH frame.
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where ºy and ºz are angle measurement noises comprising noise
from the visibleor infraredsensorsand IMU and ºr is the rangemea-
surement noise of lidar. In the absence of any other more suitable
model of noise, thesenoisesare assumed to be white,with zero mean
and the standard deviations equal to ¾y , ¾z , and ¾r , respectively.

The Clohessy–Wiltshire equations govern the position (x , y, z)
of the chaser satellitemeasured from the target center of mass in the
LVLH xyz frame located at the target center of mass. Consequently,
the LOS vector rCT and the measurements, Eq. (35), must all be
expressed in the target LVLH x , y, z frame. The chaser LVLH
x1, y1 , z1 frame and the target LVLH x , y, z frame, both shown
in Fig. 8, are generally not the same. However, at an altitude of
400 km, when the target and chaserare 1 km or so apart, their orbital
angular separation is »150 ¹rad, of the same order of magnitude
as the visible sensor noise variance (1¾ D 120 ¹rad) or infrared
sensor noise variance (1¾ D 850 ¹rad–2 mrad). Hence, for such a
relatively small separation between a chaser and a target, the two
LVLH frames are parallel, and the LOS vector components in the
target LVLH frame will be x D ¡rCTx , y D ¡rCTy , and z D ¡rCTz ,
changing the measurement equations (35) to

µy1 D arctan.z; ¡x/ C ºy D h1.x; y; z/ C ºy

µz1 D arcsin.¡y=r/ C ºz D h2.x; y; z/ C ºz

r D .x2 C y2 C z2/
1
2 C ºr D h3.x; y; z/ C ºr (36)

Qk D

2

6666666666664
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Because theserangeandanglemeasurementsare relatednonlinearly
to the position coordinates (x, y, z), the measurement functions h1,
h2 , and h3 in Eq. (36) are nonlinear. The estimation of position and
velocity of the chaser using these measurements and an extended
Kalman � lter requirespartial derivativesof the functionsh1, h2, and
h3 with respect to the state vector x:

x D [x y z Px Py Pz]T (37)

In particular, rewriting the measurement Eq. (36) in standard
Kalman � lter vector notations z D h.x/ C º, we require

H D @h
@x

D

2

664

z
¯

r 2
IP 0 ¡x

¯
r 2

IP

xy=r 2rIP ¡rIP=r 2 yz=r 2 rIP

x=r y=r z=r

03 £ 3

3

775

Or.¡/

C

C
C
C
C
C
C
C
C
C
C
C
C

(38)

where rIP equals in-plane range, r 2
IP D x2 C z2, H is a 3 £ 6 matrix

evaluated at the estimated position Or just before the measurement
update,and03 £ 3 is a 3 £ 3 matrixof zeros.The noisevectorº equals
º D [ºy ºz ºr ]T , and the associatedmeasurementnoisematrixR for
Kalman gain computations is R D diag[¾ 2

y ¾ 2
z ¾ 2

r ].

B. Process Noise Model
The Clohessy–Wiltshire equations (1) assume that the acceler-

ations ®x , ®y , and ®z are deterministic and known exactly. When
thrusters are � red, however, there is likely to be a minute random-
ness in the force produced. Also, the estimate of the target orbit
rate ! is likely to contain a slight random bias error. Because target

orbit estimation requires a detailed investigation,possiblyalong the
lines of Refs. 5, 21, and 22, this bias error in the knowledge of ! is
ignored here. Let wx , wy , and wz be the white, random acceleration
actingon the chaser, in additionto the deterministicacceleration®x ,
®y , and ®z . The intensities of the random accelerationsare denoted
¾wx , ¾wy , and ¾wz , respectively,where

E
¡
w2

p

¢
D ¾ 2

wp±.t ¡ ¿/; .p D x; y; z/ (39)

with ± denoting the Dirac delta operator. The deterministic equa-
tions (1) then become as follows.

Tangential, forward (x axis):

Rx ¡ 2! Pz D ®x C wx ; wx » .0; ¾wx / (40a)

Cross track (y axis):

Ry C !2 y D ®y C wy; wy » .0; ¾wy/ (40b)

Radial, downward (z axis):

Rz C 2! Px ¡ 3!2z D ®z C wz; wz » .0; ¾wz/ (40c)

Equations (40) are rewritten in the standard � rst-order state-space
form, with state x de� ned by Eq. (37). The corresponding 6 £ 6
discrete process noise matrix Qk can be then shown to be23;24

where T D sample period. In Eq. (41), the coupling between the
in-plane coordinates x and z is retained, though the coupling is
weak because at an altitude of 400 km, ! ¼ 0.001 rad/s, and for a
sample period T D 1 s, !T D 0:001 rad ¿ 1 rad. For this reason, the
coupling terms in Qk , Eq. (41), can be ignored. The process noise
matrix associated with each axis agrees with the 2 £ 2 single-axis
process noise matrix in Ref. 23.

VI. Illustrations
The precedingguidancealgorithmsare illustratednow for differ-

ent scenarios, � rst with neither noise nor a Kalman � lter, and then
with noise and a Kalman � lter. The target is assumed to be � ying at
a 400-km altitude (! ¼ 0:001 rad/s, orbit period¼ 92.56 min).

A. Scenario 1, Inbound/Outbound NV Glideslope
and In-Plane Circumnavigation

Figure 9 illustrates this scenario. Inbound 1 glideslope starts at
x D ¡500 m behind the target and ends at x D ¡100 m, effected
by 10 pulses in 9 min decelerating the chaser from several meters
per second to 0.05 m/s (shown in detail later). Then, after perfect
stationkeeping at x D ¡100 m, the chaser performs a 100-m four-
pulse circumnavigationin about one orbit period (»92.53 min). At
the end thereof, the inbound 2 glideslope is performed, taking the
chaser from x D ¡100 m to ¡25 m in the next 10 pulses in 9 min.
The chaser then perfectly stationkeepsbehind the target for 3 min,
followed by an outbound accelerating glideslope from ¡25 to
¡500 m in 10 pulsesover 9 min.One observesin Fig. 9 that the theo-
retically straightpaths, correspondingto the vectors½ in Figs. 3 and
4 are, in reality, accompanied with humps, diminishing in the case
of the decelerating glideslope and growing in the case of the accel-
erating glideslope. Although the theoretical straight path assumes



HABLANI, TAPPER, AND DANA-BASHIAN 559

Fig. 9 Inbound, outbound ÅV glideslopes and four-pulse in-plane cir-
cumnavigation.

Fig. 10 Phase plane Çx vs x during three ÅV glideslopes and a four-pulse
100-m � yaround.

continuous thrusting, the actual glideslope is performed with a � -
nite number of pulses, with coasting between them, and the humps
arise during coasting.We also observe that four pulses do not effect
a � yaround with a constant radius, the radius being 100 m only at
(§100 m, 0) and (0, §100 m) in the xz plane. The higher the num-
ber of pulses, the better the approximation to a circular � yaround,
as illustrated later. The phase plane Px vs x corresponding to the
glideslopesand � yaround in Fig. 9 is shown in Fig. 10. The dashed
Px vs x straight glideslope paths illustrate the P½ vs ½ linear varia-
tions assumed in the analysis. This continuous increase/decrease
in the velocity Px is realized, on the average, by discrete incre-
ments/decrementscaused by thruster � rings. The circumnavigation
over one orbit period is effected with four pulses, taking place at
(§100 m, 0) and (0, §100 m) in the orbit plane.At z D §100 m, 1V
is along Pz, as shown in the phase plane Pz vs z, in Fig. 11. The expo-
nential decrement of Px and its average, discrete counterpartvs time
during inboundglideslopeover 9 min (t D 2000–2540 s), are shown
in Fig. 12.

B. Scenario 2, Three-Axis Inbound Glideslope
and Flyaround in Local Horizontal Plane

Figure13 illustratesa three-axisglideslopeanda 300-m� yaround
in 30 min using equispaced pulses. At t D 0, the chaser is located
at [1, 1, 1]T km station, from where it is commanded to arrive at
[300, 0, 0]T m on the x axis using four pulses in 5 min, deceler-
ating the vehicle from 17.56 to 0.084 m/s. The projection of this

Fig. 11 Phase plane Çz vs z during three ÅV glideslopes and a four-pulse
100-m � yaround.

Fig. 12 Exponential discrete deceleration in inbound 1 glideslope.

Fig. 13 Three-axis inbound glideslope and 300-m 24-pulse � yaround
in (local horizontal) xy plane.

motion in the local horizontal xy plane is shown in Fig. 13. Unlike
the 4-pulse in-plane � yaround in Fig. 9, the 24-pulse 30-min � y-
around in Fig. 13, following the glideslope, is essentially a circle,
commanded here in the xy plane (which is turning about the y axis
in an inertial frame at the orbit rate). Because of coupling between
x and z, the chaser experiences local vertical motion along z while
� ying around in the xy plane. This motion, under control by the z
component of the pulses, is shown in Fig. 14.
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Fig. 14 Z-motion induced in a 300-m 24-pulse � yaround in xy plane.

Fig. 15 Four-pulse 30-min in-plane � yaround using range, azimuth,
and elevation angle.

Fig. 16 Position component x, velocity component Çx, and their estimates Ãx and Ã Çx vs � yaround time t.

C. Scenario 3, Four-Pulse 100-m Flyaround in 30 min
Using Sensors and Kalman Filter

Figures 15–18 illustrate this scenario. A total of four sensors,
comprising two visible sensors, one infrared sensor, and one lidar
sensor, measure the relative location of the target. The visible and
infrared sensors provide angle and passive range measurements se-
quentially at approximately4 Hz, whereas the lidar sensor provides
range measurements at 1 Hz. The measurement noise matrix R for
each sensor is

Rvisible D diag[.0:001/2 rad2; .0:001/2 rad2; .0:08r/2 m2]

Rinfrared D Rvisible; Rlidar D .0:5 m/2 (42)

where r D range. The initial estimation error in the state vector x
(position in meters, velocity in meters per second) are

Qx D [10 m; 0:5 m; 7 m; ¡0:02 m/s; ¡0:02 m/s; ¡0:02 m/s]T

(43)

and the covariance matrix P is initialized as

P D diag[33:3 m2; 33:3 m2; 33:3 m2; 0:0025 .m/s/2;

0:0025 .m/s/2; 0:0025 .m/s/2] (44)

The incremental velocity vector 1V, determined by the guidance
algorithm, is produced by thrusters with 1% error and measured
by the accelerometer with 2% error. These errors are compen-
sated for by specifying the process noise acceleration variance
¾ 2

wx T D ¾ 2
wzT D .0:004 m/s)2 and ¾ 2

wy D 10¡4 £ ¾ 2
wx in Eq. (41). The

sample period T varies, but is nominally equal to 0.25 s.
The results in Figs. 15–18 pertain to the just-mentioned speci-

� cations. The impulses for circumnavigation are calculated using
the estimated position, either from the Kalman � lter or from knowl-
edge of the initial conditions,not the true position of the chaser. As
such, the chaser is not expected to reach its intended place exactly.
In Fig. 15, 1V, calculated at t D 0 to move the chaser from (100,
0, 0) m to (0, 0, ¡100) m in t D 450 s using the initial position
estimate according to the estimation error (43), takes the vehicle
not to its intended place exactly, but in the neighborhood thereof.
Aided by the sensors, however, particularly the lidar, the initial es-
timation errors subside to an optimum level determinedby the ratio
of the process noise matrix Q and the measurement noise matrix R
speci� ed earlier. See in Fig. 15 that at t D 900, 1350, and 1800 s,
the chaser essentially reaches its intended location. The variation
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Fig. 17 Position component z, velocity component Çz, and their estimates Ãz and Ã Çz vs � yaround time t.

Fig. 18 Position component y, velocity component Çy, and their estimates Ãy and Ã Çy vs � yaround time t.

of the true and the estimated position coordinates x , y, z and Ox , Oy,
Oz, respectively, and the velocity components Px , Py, Pz, and OPx , OPy, OPz,
respectively, vs time is shown in Figs. 16–18. Because of active
rangemeasurementswith lidar, the initial positionestimationerrors,
Eq. (43), are removed quickly because the true and the estimated
position coordinates in Figs. 16–18 do not appear distinguishable.
Some estimation errors in velocity estimates persist, however, par-
ticularlydue to the2% bias error in the accelerometermeasurements
of 1V, as seen in Figs. 16–18. The two signi� cant discrete steps in
Px and its estimate OPx at t D 0 and 900 s in Fig. 16 change the direction
(slope) of x motion near x D §100 m, seen in Fig. 15. Likewise, the
discrete steps in Pz and OPz in Fig. 17 at t D 450 and 1350 s change the
directionof z motionnear z D §100 m in Fig. 15. The in-plane(x, z)
motion is not coupled with the y motion, but because the chaser is
initially 5 m out-of-orbit-plane, it is brought in-plane, and y is de-
creased to nearly zero in just the � rst three pulses, at t D 0, 450, and
900 s, as depicted in Fig. 18. To conserve space, the position and

velocity estimation errors, Qx; Qy; Qz, and QPx; QPy; QPz, respectively, and the
positive and negative square roots of their variances, P. Qx2/, P. Qy2/,
P.Qz2/ and P. QPx2/, P. QPy2/, P. QPz2/, respectively, are not shown here,
though they are displayed in Ref. 25. All variablesconcerning Qx and
Qz exhibit a cyclic behavior, re� ecting the cyclic variation of x and z
in the � yaround,and the estimationerrors remain within the bounds
of their respective standard deviations.

D. Scenario 4, Inbound/Outbound Glideslopes, Circumnavigation,
and Stationkeeping Using Sensors and Kalman Filter

Figures 19 and 20 illustrate a scenario similar to scenario 1, but
now using sensors and Kalman � lter, as described in scenario3, and
a circumnavigationusing 24 pulses. Figure 19 depicts all phases of
motion: inbound and outbound glideslopes, � yaround, and station-
keeping. The duration of each phase appears in Fig. 19. Because of
active range measurement and relatively small measurement errors,
the true and the estimated x and z position components in Fig. 19
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Fig. 19 In-plane inbound/outbound glideslopes, 24-pulse circumnavi-
gation, and stationkeeping using sensors and Kalman � lter.

Fig. 20 Glideslopes magni� ed.

are almost indistinguishable.The three glideslopes are shown at a
magni� ed scale in Fig. 20, where the estimates Ox and Oz are seen to
track the true x and z well.

Conclusions
The autonomous guidance algorithms developed and illustrated

in the preceding text for glideslope and circumnavigation are sim-
ple because they are based on classical Clohessy–Wiltshire equa-
tions, their solutions, and elementary vector and matrix analysis
of kinematics. Different NASA centers and industries may already
have similar or even advanced algorithms based on Lambert guid-
ance, but, apparently, the algorithms are not available in the liter-
ature. Notwithstanding the simplicity of the algorithms, however,
their implementation entails complex sensor technology for iner-
tial and relativenavigation.The relativenavigationis brie� y treated
in the paper, utilizing range, azimuth, and elevation measurements
and an extended Kalman � lter. However, the initial relative posi-
tion and velocity estimates, to be used in relative navigation, are
extracted from inertial navigation of the chaser and the target, and
this complex subject is not considered in the paper. Also, the angle
measurements from the visible or infrared sensors may be biased
and the sensorfocalplanesmay be misaligned.The designer/analyst
must consider, in addition, IMU measurements, attitude dynamics
of both chaser and target, their attitude determination, and attitude
controlof the chaser to � re the thrustersin the right direction.These
topics and others will be addressed in the future.
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